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Abstract
A three-valued function f dened on the vertices of a graph G = (V; E); f :V ! f−1; 0; 1g,
is a minus dominating function if the sum of its function values over any closed neighborhood
is at least one. That is, for every v 2 V; f(N [v])>1, where N [v] consists of v and every vertex
adjacent to v. The weight of a minus dominating function is f(V ) =
P
v2V f(v). The upper
minus domination number of a graph G, denoted  −(G), equals the maximum weight of a
minimal minus dominating function of G. In this paper, sharp upper bounds on  − of regular
graphs are found. Thus, we answer an open problem proposed by Henning and Slater (Discrete
Math. 158 (1996) 87{98). c© 2000 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction
All graphs under consideration are undirected, nite and simple. A graph, denoted by
G=(V; E), consists of a non-empty set V (G) of vertices and a set E(G) of edges. Let
xy denote the edge joining vertices x and y. Given a graph G=(V; E) and x 2 V (G),
we write d(x) for the degree of x in G, that is, the number of edges of G incident with
x. A graph G=(V; E) is called r-regular if d(v)=r for all v 2 V . In particular, 3-regular
graphs are referred as cubic graphs. The open neighborhood of a vertex v is the set of
vertices adjacent to v, i.e., N (v) = fu 2 V j uv 2 Eg. The closed neighborhood of v is
N [v]=N (v)[fvg. For a subset A of V , set dA(v)=jfu 2 A j uv 2 Egj; N (A)=
S
v2A N (v)
and N [A]=
S
v2A N [v]=N (A)[A. If A and B are disjoint subsets of V , we write e(A; B)
for the number of edges between A and B. A set S of vertices is a dominating set
if N [S] = V . The upper domination number  (G) is the maximum cardinality of a
minimal dominating set in G. For a real function f dened on vertices of a graph
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G and S V (G), write f(S) =Pv2S f(v) and f[v] = f(N [v]). A vertex v is called
critical vertex of f if f[v] = 1.
A minus dominating function of a graph is dened in [2] as a function f :V !
f−1; 0; 1g such that f[v]>1 for each v 2 V . A signed dominating function of G
is dened in [2] as f :V ! f−1; 1g satisfying f[v]>1 for all v 2 V . Both these
concepts are studied in [1{8]. A minus (signed) dominating function f is minimal
if every minus(signed) dominating function g satisfying g(v)6f(v) for every v 2 V ,
is equal to f. It is easy to see that a minus dominating function is minimal if and
only if for every vertex v 2 V with f(v)>0, there exists a vertex u 2 N [v] with
f[u] = 1, and a signed dominating function is minimal if and only if for every vertex
v of weight 1, there exists some u 2 N [v] such that f[u]=1 or 2. As usual, the upper
minus domination number for a graph G is  −(G)=maxff(V ) jf is a minimal minus
dominating functiong. Likewise the upper signed domination number for G is dened
as  s(G) = maxff(V ) jf is a minimal signed dominating functiong.
In [5] the authors asked for the upper bounds on  − and  s for a cubic graph.
Favaron [4] gave sharp upper bounds on  s for regular graphs. In Section 2 of this
paper, we shall generalize the results of Kang and Cai [6] to r-regular graphs and
establish sharp bounds on  −. In Section 3, we shall show  s(G)6 −(G) for all
Eulerian graphs G.
2. Upper bounds on  −
In this section we establish upper bounds for  −(G), where G is a regular graph,
and also show that these bounds are best possible. This solves a problem from [5].
Theorem 1. If G is an r-regular graph of order n; r>1; then
 −(G)6
( r+1
r+3n for even r
r2+1
(r+1)2 n for odd r
and these bounds are sharp.
Proof. Let f be a minimal minus dominating function of G such that f(V )= −(G).
We write
M = fv 2 V jf(v) =−1g;
P = fv 2 V jf(v) = 1g;
Q = fv 2 V jf(v) = 0g:
Since f[v]>1 for all v 2 V , every v 2 P has at most br=2c neighbors in M , and every
v 2 Q has at most b(r − 1)=2c neighbors in M . Moreover, put
Qi = fv 2 Q jdM (v) = ig;
Bi = fv 2 Qi jdP(v) = i + 1g;
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where 06i6b(r − 1)=2c, and
B=
b(r−1)=2c[
i=0
Bi;
Pij = fv 2 P jdQ(v) = i; dM (v) = jg;
where 06i6r; 06j6b(r − i)=2c.
Obviously, P is partitioned into subsets Pij. For every v 2 Pij; f[v]= r+1− i− 2j,
and every vertex v 2 B is a critical vertex of f. Write jM j = m; jPj = p; jQj = q;
jPijj= pij; jQij= qi; jBij= bi and jBj= b.
By counting the numbers e(P;M) and e(P;Q) we get
r−2X
i=0
b(r−i)=2cX
j=1
jpij = e(P;M)6rm− e(Q;M); (1)
rX
i=1
b(r−i)=2cX
j=0
ipij = e(P;Q)6rq− (e(Q;M) + (r − 1)b0): (2)
Since f is a minimal minus dominating function and f[v]> 1 for all v 2 Sr−1i=0 Pi0,
every vertex v 2 Sr−1i=0 Pi0 has at least one neighbor u with f[u] = 1, but it has no
neighbor in M , implying u 2 P [ Q.
We write A for the critical vertices in P; C = fv 2 M jdP(v) = dM (v) + 2g;
e1 = e(P;M); e2 = e(P;Q); e3 = e(Q;M); c1 =
Pr=2
i=1 2ip2i(r−2i)=2. We distinguish two
cases according to whether r is even or not.
Case 1: r even.
Then A =
Sr=2
i=0 P2i(r−2i)=2. It is easy to check that e(A; P) = e(A;M) and u 2 V
is a critical vertex of f if and only if u 2 A [ B [ C. Hence, every vertex v in
(P − A) [ (Q − B) has at least one neighbor u 2 A [ B [ C. Thus we have
p006e(P00; A)6e(P; A)6
(r−2)=2X
i=0
r − 2i
2
p2i(r−2i)=2; (3)
p = jP − Aj+ a6e(P − A; A [ B [ C) + a
6 e(P; A) + e(P; B) + e(P − A;M) + a
6 e(A;M) + e(P; B) + e(P − A;M) + a
6 e(P;M) + e(P; B) + a
= e1 +
(r−2)=2X
i=0
(i + 1)bi + a
implying
p6
r + 2
r
e1 +
c1
r
+
(r−2)=2X
i=0
(i + 1)bi (4)
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as ra = e(A;M) + e(A; P) + e(A;Q)62e1 +
Pr=2
i=1 2ip2i(r−2i)=2 = 2e1 + c1. Obviously,P(r−2)=2
i=0 (i + 1)bi =
P(r−2)=2
i=0 ibi + b6e3 + b, and e16rm− e3 by (1). Then it follows
from (4) that
p6(r + 2)m− 2e3
r
+ b+
c1
r
yielding
m>
p
r + 2
+
2e3
r(r + 2)
− b
r + 2
− c1
r(r + 2)
: (5)
Next, let us show
r + 2
r
(e1 + e2)− r + 1r c1>p: (6)
Indeed,
r + 2
r
(e1 + e2)− r + 1r c1
=
r + 2
r
0
@ r−2X
i=0
b(r−i)=2cX
j=1
jpij +
rX
i=1
b(r−i)=2cX
j=0
ipij
1
A− r + 1
r
c1
(by (1) and (2))
>
r−2X
i=0
b(r−i)=2c−1X
j=1
pij
+
r + 2
r
 
r−2X
i=0

r − i
2

pib(r−i)=2c +
rX
i=1
pi0 +
rX
i=1
ipib(r−i)=2c
!
− r + 1
r
c1
>
r−2X
i=0
b(r−i)=2c−1X
j=1
pij +
(r−2)=2X
i=1
p(2i−1)b[r−(2i−1)]=2c +
rX
i=1
pi0
+
r + 2
r
 (r−2)=2X
i=0
r − 2i
2
p2i(r−2i)=2 +
r=2X
i=1
2ip2i(r−2i)=2
!
− r + 1
r
r=2X
i=1
2ip2i(r−2i)=2
=
r−2X
i=0
b(r−i)=2c−1X
j=1
pij +
(r−2)=2X
i=1
p(2i−1)b[r−(2i−1)]=2c +
rX
i=1
pi0
+
(r−2)=2X
i=0
r − 2i
2
p2i(r−2i)=2 +
r=2X
i=0
p2i(r−2i)=2
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>
r−2X
i=0
b(r−i)=2cX
j=1
pij +
rX
i=1
pi0 +
(r−2)=2X
i=0
r − 2i
2
p2i(r−2i)=2
>
r−2X
i=0
b(r−i)=2cX
j=1
pij +
rX
i=1
pi0 + p00 (by (3))
=p:
Hence, we have
n = (m+ q) + p
6 (m+ q) +
r + 2
r
(e1 + e2)− r + 1r c1 (by (6))
6 (r + 3)(m+ q)− r + 2
r
(2e3 + (r − 1)b0)− r + 1r c1:
The last inequality comes from (1) and (2). We obtain
m+ q>
1
r + 3
n+
r + 2
r(r + 3)
(2e3 + (r − 1)b0)− r + 1r(r + 3)c1:
So
p = n− (m+ q)
6
r + 2
r + 3
n− (r + 2)
r(r + 3)
(2e3 + (r − 1)b0)− r + 1r(r + 3)c1: (7)
Thus we have
 −(G) = p− m
6
r + 1
r + 2
p− 2
r(r + 2)
e3 +
b
r + 2
+
1
r(r + 2)
c1 (by (5))
6
r + 1
r + 3
n−

2(r + 1)
r(r + 3)
e3 +
2
r(r + 2)
e3 − br + 2 +
r2 − 1
r(r + 3)
b0

−

(r + 1)2
r(r + 2)(r + 3)
− 1
r(r + 2)

c1 (by (7))
6
r + 1
r + 3
n− e3 − b+ b0
r + 2
6
r + 1
r + 3
n:
We now show that this bound is best possible by the following r-regular graph G
constructed by Favaron [4].
Let m>r=2 be a positive integer, take a (r − 1)-regular graph A0 of order rm, add
2m extra vertices vi each of them being joined to exactly r=2 vertices of A0 and each
vertex of A0 has exactly one neighbor among the vis; nally add m new extra vertices
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u1; u2; : : : ; um, each of them is joined to exactly r vertices vi and each vertex vi has
exactly r=2 neighbors among the uis. The order n of this graph is m+2m+rm=(r+3)m
The function f dened by f(v) = 1 if v 6= ui and f(ui) = −1 for 16i6m is a
minimal minus dominating function of weight
f(V ) = n− 2m= (r + 1)m= r + 1
r + 3
n:
Case 2: r odd.
If r = 1, it is easy to check that  −(G)6(r2 + 1)=(r + 1)2n: We may suppose that
r>3. Then
A=
(r+1)=2[
i=1
P(2i−1)[r−(2i−1)]=2; e(A; P) = e(A;M):
As discussed in Case 1 we have
p006e(P00; A)6
(r−1)=2X
i=1
r − (2i − 1)
2
p(2i−1)[r−(2i−1)]=2 (8)
p6e1 +
(r−1)=2X
i=0
(i + 1)bi + a (9)
ra = e(A;M) + e(A; P) + e(A;Q)
= 2e(A;M) +
(r+1)=2X
i=1
(2i − 1)p(2i−1)[r−(2i−1)]=2
=
1
2
ra+ e(A;M) +
1
2
(r+1)=2X
i=1
(2i − 1)p(2i−1)[r−(2i−1)]=2
6 e1 +
1
2
(r+1)=2X
i=1
(r + (2i − 1))p(2i−1)[r−(2i−1)]=2: (10)
Write c2 =
Pb(r+1)=2c
i=1 (r+(2i− 1))p(2i−1)[r−(2i−1)]=2. Then it follows from (9) and (10)
that
p6
r + 1
r
e1 +
(r−1)=2X
i=0
(i + 1)bi +
c2
2r
6 (r + 1)m− r + 1
r
e3 +
(r−1)=2X
i=0
(i + 1)bi +
c2
2r
(by (1))
6 (r + 1)m− e3
r
+ b+
c2
2r
since
P(r−1)=2
i=0 (i + 1)bi =
P(r−1)=2
i=0 ibi + b6e3 + b. Thus we have
m>
1
r + 1
p+
e3
r(r + 1)
− b
r + 1
− c2
2r(r + 1)
: (11)
L.-y. Kang, M.-c. Cai / Discrete Mathematics 219 (2000) 135{144 141
Put
c3 =
(r+1)=2X
i=1
([(r2 + 1)(r + 2i − 1)]=2r(r − 1)− [r − 2i + 3]=2)p(2i−1)[r−(2i−1)]=2:
Then an argument similar to that of (6) shows
r2 + 1
r(r − 1)(e1 + e2)− c3>p: (12)
Indeed,
r2 + 1
r(r − 1)(e1 + e2)− c3
=
r2 + 1
r(r − 1)
0
@ r−2X
i=0
b(r−i)=2cX
j=1
jpij +
rX
i=1
b(r−i)=2cX
j=0
ipij
1
A− c3 (by (1) and (2))
>
r−2X
i=0
b(r−i)=2c−1X
j=1
pij +
r2 + 1
r(r − 1)
r−2X
i=0

r − i
2

pib(r−i)=2c
+
rX
i=1
pi0 +
r2 + 1
r(r − 1)
rX
i=1
ipib(r−i)=2c − c3
>
r−2X
i=0
b(r−i)=2c−1X
j=1
pij +
(r−3)=2X
i=0
p2ib(r−2i)=2c +
rX
i=1
pi0
+
r2 + 1
r(r − 1)
(r+1)=2X
i=0

r − 2i + 1
2
+ 2i − 1

p(2i−1)(r−2i+1)=2 − c3
=
r−2X
i=0
b(r−i)=2c−1X
j=1
pij +
(r−3)=2X
i=0
p2ib(r−2i)=2c +
rX
i=1
pi0
+
(r+1)=2X
i=1

1 +
r − 2i + 1
2

p(2i−1)(r−2i+1)=2
>
r−2X
i=0
b(r−i)=2cX
j=1
pij +
rX
i=1
pi0 +
(r−1)=2X
i=1
r − 2i + 1
2
p(2i−1)(r−2i+1)=2
>
r−2X
i=0
b(r−i)=2cX
j=1
pij +
rX
i=1
pi0 + p00 (by (8))
=p:
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Hence, we have
n = (m+ q) + p
6 (m+ q) +
r2 + 1
r(r − 1)(e1 + e2)− c3 (by (12))
6 (m+ q) +
(r2 + 1)(m+ q)
r − 1
− (r
2 + 1)(2e3 + (r − 1)b0)
r(r − 1) − c3 (by (1) and (2))
yielding
m+ q>
r − 1
r(r + 1)
n+
(r2 + 1)(2e3 + (r − 1)b0)
r2(r + 1)
+
r − 1
r(r + 1)
c3:
Thus,
p = n− (m+ q)
6
r2 + 1
r(r + 1)
n− (r
2 + 1)(2e3 + (r − 1)bo)
r2(r + 1)
− r − 1
r(r + 1)
c3: (13)
Finally, we have
 −(G) = p− m
6
r
r + 1
p− e3
r(r + 1)
+
b
r + 1
+
c2
2r(r + 1)
(by (11))
6
r
r + 1

r2 + 1
r(r + 1)
n− (r
2 + 1)(2e3 + (r − 1)b0)
r2(r + 1)
− r − 1
r(r + 1)
c3

− e3
r(r + 1)
+
b
r + 1
+
c2
2r(r + 1)
(by (13))
6
r2 + 1
(r + 1)2
n− e3 − b+ b0
r + 1
−

r − 1
(r + 1)2
c3 − c22r(r + 1)

6
r2 + 1
(r + 1)2
n:
This bound is sharp indeed. To see this, for an odd integer r>3, we construct a
r-regular graph G of order n = [(r + 1)2=2]t with  − = (r2 + 1)=(r + 1)2n as fol-
lows. Let t be an arbitrary positive integer; A0 is a (r − 1)-regular graph of order
(r(r−1)=2)t. Further, let K(r; (r+1)=2) be a complete bipartite graph with partite sets
X = fv1; v2; : : : ; vrg and Y = fu1; u2; : : : ; u(r+1)=2g; and let G1; G2; : : : ; Gt be t disjoint
copies of K(r; (r + 1)=2) where Xi and Yi are the classes of Gi corresponding to the
classes named X and Y in K(r; (r + 1)=2), respectively. Now let G be the r-regular
graph of order [(r+1)2=2]t obtained from the disjoint union of G1; G2; : : : ; Gt by join-
ing vertices of the class Xi of Gi (i=1; 2; : : : ; t) with vertices of A0 in such a way that
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every vertex of the class Xi of Gi (i=1; 2; : : : ; t) has exactly (r− 1)=2 neighbors in A0
and each vertex of A0 has exactly one neighbor in
St
i=1 Xi.
The function f : V (G)! f−1; 0; 1g is dened as follow: for all v 2 A0
St
i=1 Xi, let
f(v)=+1; the value 0 is assigned to one vertex of the class Yi of Gi; i=1; 2; : : : ; t, and
elsewhere is assigned the value −1. Then f is a minimal minus dominating function
on G of weight,
 −(G) = f(V ) =
r2 + 1
2
t =
r2 + 1
(r + 1)2
n:
3. Relationships between upper minus domination and signed domination
In general, we know that  − and  s are not comparable. However, since every signed
dominating function is also a minus dominating function, we have the following result.
Theorem 2. For every Eulerian graph G;  s(G)6 −(G).
Proof. Let f be a minimal signed dominating function of weight f(V ) =  s(G). As
above M is the set of vertices of weight −1 and P is the set of vertices of weight 1.
Since the signed dominating function f is minimal, every vertex v 2 P has at least a
vertex u 2 N [v] such that f[u] = 1 or 2. Clearly f[v] = d(v) + 1− 2dM (v) for every
vertex v 2 P and f[v] = d(v) − 1 − 2dM (v) for every vertex v 2 M . However each
vertex in an Eulerian graph always has even degree. This implies that f[u] = 1. Thus
f is a minimal minus dominating function of G. Hence  s(G) = f(V )6 −(G).
We get an immediate consequence of Theorems 1 and 2.
Corollary 1 (Favaron [4]). For every r-regular graph G of order n with r even;
 s(G)6
n(r + 1)
(r + 3)
:
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